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INTRODUCTION

According to Drude model metals consist of positive ion cores placed at lattice points, with valence

electrons moving freely among these ion cores. The valence electrons are held in the metallic crystal

because of attractive force of the ions which create an unstructural potential well. This potential field is

assumed to be constant through out the crystal. The mutual repulsion among the electrons is neglected.

Therefore, according to the free electron gas model the metal crystals consist of positively charged ion

and completely free valence electrons. At the surface the electrons experience a net attractive forcedue to

which they can not leave the crystal surface..Inside the metal crystal the potential is constantand it is

assumed to be zero. So the energy associated with the electrons is only kinetic energy. The conduction

electrons move about inside the specimen without any collision,except for as occasional reflection from

the surfacejust like molecules in the ideal gas. Hence the conduction electrons are regarded as free

elcetron gas with difference that electron gas is charged while the molecules of an ideal gas are neutral

and concentration of electrons is large as compared to ideal gas.



THE CLASSICAL DRUDE FREE 

ELECTRON MODEL OF METALS

In 1900 Drude proposed the idea of free electron gas and in 1909 Lroentz postulated

that the electrons constituting the electron gas obey Maxwell Boltzmann statistics under

equilibrium conditions According to Drude-Lorentz theory of free electron gas various

properties of metals have been explained successfully :

 Ohms law

 High electrical and thermal conductivities as the free electrons can move easily

 Temperature dependence of conductivity

Weidmann-Frantz ratio : The ratio of the thermal conductivity to the electrical

conductivity at any temperature is constant for all metals. It is very easily understood

if we recognise the simple fact that the electrons are the carriers of both heat and

electricity

 Metallic luster and opacity can also be explained through the free electrons

The classical theory fails to explain the heat capacity and magnetic susceptibility of the

conductor electrons



THE SOMMERFELD MODEL

 In 1928 Sommerfeld suggested a Quantum Filed Theory in which quantum Fermi Dirac statistics in 

place of classical MB statistics is used.

 The concept of free electrons moving in a constant potential within the metal is retained ie., the 

electrons are trapped in a constant potential well

Consider an electron of mass n having wavefunction

bouncing back and forth between infinite walls of one

dimensional box of length L.

As the electron can only be inside the box so that the

probability  of finding it outside the box is 0, i.e.,  = 0

when 0xL

One dimensional Schrodinger equation is given as :

d2/dx2 + 2m/h2 E =0 or d2/dx2 + k2 =0

The solution of this equation is :

(x) = A sin kx +B cos kx

At x= 0 (x) = 0 Therefore B=0 or (x) = A sin kx

At x= L (x) = 0 Therefore (L) = A sin kL =0

kL = n, k = n/L

Hence the wave function in the region (x) = A sin nx/L



THE SOMMERFELD MODEL 

CONTINUED
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En = k2h2/2m = n2h2/8mL2

or    E  n2

n(x)n(x) dx =1

A2sin2kxdx =1

A=sqrt (2/L)

n(x) = sqrt (2/L) sin (nx/L)



DENSITY OF STATES

Density of states is defined as the number of orbitals per unit energy range

En = n2h2/2m (1/2L)2

dEn/dn = h2/m (n/4L2)

Since there are two quantum states for each energy level, the density of ststes is confined

to one dimension

D(En) = 2 dn/dEn = 8mL2/(h2 n)

1/n = h/2L (1/(2m)En)
1/2

Substututing the value of 1/n

D(En) = 8mL2/(h2 ) (h/2L)(1/2mEn)1/2

= 4L/h (m/2En)
1/2



AVERAGE KINETIC ENERGY OF 

ELECTRONS FOR ONE DIMENSIONAL 

CRYSTAL

Let N, be the total number of electrons in the crystal of length L. The total energy En can

be obtained by summing the individual energies between n=1 to nF = N/2

En = 2 n=1
N/2 En

=  n2h2/(8mL2)

= 2h2/(8mL2) n=1
N/2 n2

Using the series expansion formula :

n=1
x n2 = (1/6 ) x (2x2+3x+1) = (1/3) x3 (if x is large)

= 2h2/(8mL2) (1/3) (N/2)3

= (1/3) N EF



FREE ELECTRON GAS IN THREE 

DIMENSION
The free particle time independent Schrodinger equation in three dimension is

d2k/dx2 + d2k/dy2 + d2k/dy2 + 2m/h2 Ekk =0

with the solution

n(x) = sqrt (8/L3) sin (nx/L) sin (ny/L)sin (nz/L) 

Fermi Dirac Distribution Function : It is defined as the probability of an electron

occupying a given energy level at a given temperature

F(E) = 1/(exp(E – EF)/kT +1)

F(E) = 1 for  E  <  EF

F(E) = 0 for  E  > EF



DENSITY OF ELECTRONIC STATES

Density of electronic states or orbitals is defined as the total number of available electron states per unit

energy range at energy E

Linear momentum P in quantum mechanics in represented as, P = -i h 

The particle velocity is given by v = hk/m

Fermi Energy for k = kF is given by = EF = h2kF
2/(2m)

The total number of orbitals in the sphere of radius kF is N = 2.(4/3) kF
3/(2/L)3 The factor 2 appears

because there are two values of spin quantum number for each allowed value of k, kF = (32N/V)1/3

Substituing the value of kF, EF = h2/(2m) (32N/V)2/3

The total number of electrons is given by N = V/32 (2mEF/h2)3/2

The electron velocity vF at the Fermi surface vF = hkF/m = h/m(32N/V)1/3

In the ground state all the energy states below EF are filled so the total number of states is equal to the

total number of electrons. The total number of orbitals are, N = V/32 (2m/h2)3/2 (EF)3/2

DENSITY OF ELECTRONIC STATES, D(E) = dN/dE = V/32 (2m/h2)3/2 (3/2) E1/2

= V/22 (2m/h2)3/2 E1/2



AVERAGE KINETIC ENERGY AND SPEED 

OF ELECTRONS AT ABSOLUTE ZERO

The total energy of electrons at 0oK is , E =  E D(E) F(E) dE F(E) = 1 at 0oK

E0 = V/22 (2m/h2)3/2  E3/2 dE

E0 = E0/N = V/22 (2m/h2)3/2 1/N  E3/2 dE = 2/5 V/22 (2m/h2)3/2 E5/2 dE

= 3/5 EF

Average speed of electrons :

Electron momentum is given by the relation P = m vF = hkF

Substituting the value of kF, vF = (h/m)(32N/V)1/3

The average sped of the electron at absolute zero = v = 1/N  v dN

N = V/32 (m/h)3 vF
3

In general for the electron states below the Fermi level

N = V/32 (m/h)3 vF
3 dN = V/32 (m/h)3 3v2 dv

v = 1/N  v (V/32 (m/h)3 3v2 ) dv

= ¾ vF



HEAT CAPACITY OF  ELECTRON GAS

Total specific heat of metals  

Cv =  Cv(lattice) + Cv(electronics)

=   3 N k + 3/2 N k

=   9/2 N k

This large heat capacity predicted by classical theory is not observed on metals, it appears that 

the heat capacity of free electrons is much smaller than the value predicted by classical model.

When we heat the specimen from  absolute energy not every electron gains energy  of the order 

of k T as expected classically,but only those electrons in energy levels within energy range k  T

of the fermi level are excited thermally. The minimum energy required for exciting all the free 

electrons will be EF . Hence the fraction of electrons which wll be excited at T=300 is 

k  T /EF = .025/5 = .005 = 5%

At ordinary temperature less than 1%of the valence electrons contribute to the heat capacity.

The number of electrons which contribute to the specific heat is of the order of  N k T/EF

Cv = 3/2 N k (N k T/EF )

= 3/2 N k ( T/TF )


